ON THE GLOBAL WELL-POSEDNESS OF THE CRITICAL 
QUASI-GEOSTROPHIC EQUATION 
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Abstract. We prove the global well-posedness of the critical dissipative 
quasi-geostrophic equation for large initial data belonging to the critical 
Besov space B5^_i(R^). 



1. Introduction 

In this paper we are concerned with the initial value problem of the 2D 
dissipative quasi-geostrophic equation 

dte + v-ve + \D\'^e = o 



{QG)a 



where the scalar function 9 represents the potential temperature and the 
parameter a g]0, 2]. The velocity v = {v^, v^) is determined by Riesz trans- 
forms of 6 : 

V = {-d2\G\'^e, di\D\-^e) := {-R2O, Ri9); |D| = ^/^. 

In addition to its intrinsic mathematical importance this equation serves as 
a 2D model in geophysical fluid dynamics, for more details about the subject 
see miHj. 

This equation has been intensively investigated and much attention is carried 
to the problem of global well-posedness. For the sub-critical case {a > 1) 
the theory seems to be in a satisfactory state. Indeed, global existence 
and uniqueness for arbitrary initial data are established in various func- 
tion spaces (see for example [HI [20]). However the critical and super-critical 
cases, corresponding respectively to a = 1 and a < 1, are harder to deal 
with. In the super-critical case, we have until now only global results for 
small initial data, see for instance [3| [Sj [121 [131 [231 [21]. For critical case , 
Constantin, Cordoba and Wu showed in [7] the global existence in Sobolev 
space under smallness assumption of L°° norm of 9^. Many other rele- 
vant results can be found in [H [Ml [HI [17] . Very recently, Kiselev, Nazarov 
and Volberg proved in [16] the global well-posedness for arbitrary periodic 
smooth initial data by using an elegant argument of modulus of continu- 
ity. In [2j, Caffarelli and Vasseur established the global regularity of weak 
solutions associated to initial data. 

The main goal of this work is to establish the global well-posedness in the 
critical case when initial data belong to the homogeneous critical Besov 
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space B'^ i(IK^) : we remove the periodic condition and we weaken the initial 
regularity. Before giving our main result let us first precise the notion of 
critical spaces. Let be a solution of (QG)i and A > then 6\{t,x) = 

2 

9{\t, Ax) is also a solution. One class of scaling invariant spaces is the 

2 

homogeneous Besov spaces {Bp^r), with p, r G [l,oo]. 
Our first main result reads as follows. 

Theorem 1.1. Let 6^ G B^ ^, then there exists a unique global solution 9 
to (QG)i such that 
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eeC{R+;Bl^,)nLUR+;Bl^,). 

The proof relies essentially on two facts: the first one is the establishement 
of the local existence which is the major part of this paper and the derivation 
of some smoothing effects of the solution, described in next Theorem. The 
second one is the use of the modulus of continuity as done in [TB]. We 
mention that the property allowing us to remove the periodicity is the spatial 
decay of the solution. The key of our local existence result is some new 
estimates for the following transport-diffusion equation : 



(TD) 



dt9 + vve + \D\e = f 

0\t=o = 0^, 



where v and / are given and 9 is the unknown scalar function . We state 
now our second main result. 

Theorem 1.2. Let s g] — r, r G [l,-|-c>o] with r > f, f € 

L[q^(M_i_; { ) and v be a divergence free vector field belonging to 
Lj'Q^(M-(_; Lip(M^)). We consider a smooth solution 9 of the transport- 
diffusion equation (TD), then there exists a constant C depending only on s 
such that for every t G 



Besides if v = \/-^\D\^^9, then we have for all s > 1 

We use for the proof a new approach based on Lagrangian coordinates com- 
bined with paradifferential calculus and a new commutator estimate. This 
idea has been recently used by the second author in [TT] [T2] . 
The rest of the paper is structured as follows. In section 2 we review some 
basic results of Littlewood-Paley theory and we give some useful lemmas. 
Section 3 deals with a new commutator estimate which is needed for the 
proof of Theorem 11.21 done in section 4. Theorem 1 1.1 1 is proved in section 5. 
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2. Preliminaries 

Throughout the paper, C stands for a constant which may be different in 
each occurrence. We shah sometimes use the notation A < B instead of 
A<CB and B means that A< B and B < A. We denote by J='f the 
Fourier transform of / and [ij] by the whole part of rj. 
One starts with recalling a traditional result that will be frequently used. 

Lemma 2.1. (Bernstein) Let f G LP(M^), with I < p < oo and < r < R. 
Then there exists a constant C > such that V A; E N and A > 0, we have: 

suppFf C 5(0, Ar) =^ sup Wd^fU. < Cx'+^'^-p-^^WfUv, 

\l3\=k 

suppFf c C(0,Ar,Aii) =^ C'^X^WfUv < sup < C^X^WnLp- 

\l3\=k 

These estimates hold true if we replace the derivation by |D|I^'. 

To define Besov spaces we need to recall the homogeneous Littlewood-Paley 
decomposition based on a dyadic unity partition. Let if he a smooth function 
supported in the ring C := GM^,| < |^| < |} and such that 

^<^(2-'?e) = i for 



Now, for u £ S' we set 

Vg G Z, AqU = ip{2^'^D)u and SqU = AjU. 

j<q-i 

We have the formal decomposition 

n = ^A,n, Vn G 5'(m2)/P[r2], 

where 'P[M^] is the set of polynomials (see [18]). Moreover, the Littlewood- 
Paley decomposition satisfies the property of almost orthogonality: 
(1) 

AfcAqU = if \k — q\>2 and Afc(S'g_iuAgu) = if |A; — g|>5. 

We recall now the definition of Besov spaces. Let {p,m) G [1, +oo]^, s G M 
and u £ S', we set 



\U\\ ]ijs 



For s < I (or s < | if m = 1), we then define B^^^ ^ the completion 
of for II -11^, . 

If A; G Nand l + Zj-l <s < | + /c (or s = | + A; if m = 1), then B'^,^ 

is defined as the subset of distributions u £ S' such that d^u G Bp~J^ 
whenever |/3| = k. 
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Another characterization of the homogeneous Besov spaces that will be 
needed later is the following, see for instance [21]. For s g]0, l[,p,m £ [1, oo] 

. . / f ||m(- -rc) dx \^ 

ixh™ \x\y ^"""ii^,™' 

with the usual modification if m = cxd. 

In our next study we require two kinds of coupled space-time Besov spaces. 
The first one is defined by the following manner: for T > and m > 1, we 
denote by L^Bp ,^ the set of all tempered distribution u satisfying 



qU\\LP 



< OO. 



The second mixed space is L^B^ ,^ which is the set of tempered distribution 
u satisfying 

ll^llrr-R. := (2''"'||A„u||Lr^p) < cx). 



I T ^ Ft^ 

T P^Tn \ " ^ " J / £^ 

We can define by the same way the spaces LTpB^ .^ and LTpB^^^. The fol- 
lowing embeddings are a direct consequence of Minkowski's inequality. 
Let s G M, r > 1 and (p, m) G [l,oo]^, then we have 

(3) L^rBp^m ^ LJrB^^rn, if rn>r and 

^r^p,m ^ ^T^p,m, if r>m. 
The next lemma will be useful. 

Proposition 2.2. The following results hold true: 

.^_2{i— L) 

Bp „^ ^ -Bpi.mf , for p< pi and m < mi. 



• Let |D| := \/—A and cr G R, then the operator is an isomor- 
phism from Bp jn to Bp~^. 

• Let 7 g]0, 1[, si, S2 G M such that si < S2 and u G Bp^^CiBp'^^, then 

ll'^^ll r^''1+{1-t)*'2 ^ ll'^^II'lisi II^IIrsJ . 

p,l ^p,oo ^p,oo 

• For s > 0, Bpj^n L°° is an algebra. 

We now recall some commutator estimates (see [H [10] and the references 
therein). 

Lemma 2.3. Let p,r £ [l,oo],l = ^ + < 1,P2 < 1 and v be a 

divergence free vector field o/M^. Assume in addition that 

Pi + P2 + 2min{l, 2/_p} > and pi+2/p>0. 

Then we have 

5^2^(|+-+--)||[A„.. V]n||,,,, < ll-IL. .i.JI-IL,^|..- 
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Moreover we have for s g] — 1, 1[ 



If V = V"'"|D| ^9, then the above estimate holds true for s > 1 if we 
replace \\Vv\\l°° by \\Vv\\l°° + ||Vti||Loo. 

The following result is due to Vishik |22j . 

Lemma 2.4. Let f be a function in Schwartz class and ip a diffeomorphism 
preserving Lebesgue measure, then for all p £ [1, +cxd] and for all j, G Z, 

||A,-(A,/oV')||^p < C2-l^'-^l||VV^^(^'^)||L-||AJ||iP, 

with 

^{j,Q) = sign{j - q). 
The following result is proved in [9]. 

Proposition 2.5. Let v be a smooth divergence free vector field and f be a 
smooth function. We assume that 9 is a smooth solution of the equation 

dt9 + vV9 + k\J:>\°'9 = f, with k>0 and a £ [0,2]. 

Then for p £ [1,+cxd] we have 

mt)\\L.<\m\\Lr'+ f\\f{r)\Wdr. 

Jo 

We can find a proof of the next proposition in [12j. 

Proposition 2.6. Let C be a ring and a £ M+. There exists a positive 
constant C such that for any p £ [l;+oo], for any couple (t,A) of positive 
real numbers, we have 

suppJ^u C AC ^ ||e"*l°l"u||LP < Ce"^"'*^"||u||LP. 

3. Commutator estimate 

The main result of this section is the following estimate that will play a 
crucial role for the proof of Theorem 11.21 

Proposition 3.1. Let v be a divergence free vector field belonging to 
LJq^(M+; Lip(IR^)). For q £ 'L we denote by ipq the flow of the regularized 
vector field Sq-iv. Then for f £ ^ and for q £ Z we have 

|||D|(A,/oV',)-(|D|A,/)oV',||^^ < C7e^^Wyl(t)2'?||A,/||i^, 
where V{t) = \\Vv\\j^ij;^ocm2\ and C an absolute constant. 
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Proof. We set fq := Aqf, then it is obvious that 

+ |D|i{|D|i(/,oV;,)-(|D|^/,)oV^,} 
:= I + 11. 

For the first term we apply Proposition 3.1 |12J, with a = and Fq = |D| 2 /^^ 
yielding 

Pll^oo < Ce^^W(e^^W-l)||F,||.. 

B ^ T 

00.1 

For the second term we use the following formula for the fractional Laplacian 



|D|i/W = C / M^,,. 



\x - y\-- 

Since the flow -0^ preserves Lebesgue measure then we get easily 



|D|2(/,oV',)(x)-(|D|2/,)oV'q(x) = C 



\x - y\': 



x(l '"-^'^ , ]dy. 



We denote gq{x) = fg{tpq(x)) and we put h = x — y : 

'\h\ 
with 

5 

M^, h) = l ~ 

It follows from law products and the embedding ^ ^ L°° 

||II||l- < \\\B\-2{fqOi;q)-{\B\"2fq)o^q\\,^ 

< CUq\\L^(M.4) \h\~^\gq{-) - 9q{- -h)\\ 1 dh 

+ Csup .1 / \hrl\\gq{-)-gq{--h)\\L^dh 



•^q ' 'Jq- 



We intend to estimate Jq. It is plain from Mean Value Theorem that 



llVV'IIIco \'^{x) - i^{x - h)\2 
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which gives easily the inequahty 

||V'gllL-{R4) < max - ||V'(/'g"^||£oo|; |1 - llVV'glli^lj. 
On the other hand we have the classical estimates 

^-c||5,_iv.||,i,^ ^ llVVf IIl- < e^"''-^^""^^- 
and 1 1 5*9-1 Villi ^1^,00 < CV{t). 

We thus get 

(5) ||^,||^.(^.)<Ce^^W(e^^W-l). 



Using the definition of Besov spaces and the commutation of Aj with trans- 
lation operators one finds 



5 



\hn\\9<ii-)-9,{--h)\\i dh 



I dh 



Applying the characterization of Besov spaces ^ yields 

/ \h\-~Hg,{-)-9,{--h)\\.. dh < C^25J||A,5g||.i 

< C 2Jl25'=||A,-Afcgg||ioo 

|j-fc|<i 

< C\\gg\\^, 

Now we use the following interpolation estimate 

i_ 1 

Waqhi , < IbgllioollAffgiii^ 

1 1 

It is easy to check from Leibnitz rule that 

d 

Ag, = A{f, o V;,) = Y^iiV^f,) o . di%, di%) + (V/,) o • A^,. 

i=l 

Applying Bernstein inequality we get 

I|A5,||l- <e^^W229||/g||ioo +2'?||/,||ioo||AVg||L^. 

The derivative of the flow equation with respecyt to x and the use of Gron- 
wall and Bernstein inequalities gives 

I|VV,(OIIlo^ < e^^W /'V'Vi<^)llL->dr 

Jo 



(6) < e^^W2«. 
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Combining both last estimates we obtain 

(7) ||A5,||Loo<e^^W22«||/,|Uoo. 
Putting together ([5]) and ([7|) we conclude that 

Let us now turn to the second term . The integral term can be estimated 
from ([2]) as follows 

/ \h\~^\9qi-) - ggi- - h)\\L^dh < \\gq\\ I 

According to classical composition result we write 

(8) < e^^(*)2«^||/J|^^. 
In order to estimate ^j}g we use the interpolation inequality 

m-,h)\\ r <m-,h)\\U\V^i;,{-,h)\\l^. 

B ^ , 

oo,l 

This leads in view of ([5]) to 

(9) < Ce^^(*)(e^^(*) - l)^||V.V;.(-,^)|li 

-^00,1 

The derivative of ipg with respect to x yields 



\Vxi^qix,h)\ 



< 



\h\l \VxXpg{x) -V^Tpqix - h)\ 



lijgix) - i^gix - h)\-2 \h\ 

< iiv^,-^ii|o.iivv,iil- 

Combining ^ and ([6]) we obtain 

(10) ||V,V;,(t)||^oo(K4)<e^^W2''. 
Plugging PU]) into <^ we find 

(11) m-^m^i <e^^wyi(t)2f. 



00.1 



Thus we deduce from ffTTI) and ^ that 

II^WIIl- <Ce^"'^*)yl(t)25||/, 
This achieves the proof. □ 
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4. Proof of Theorem 11.21 
The Fourier localized function Oq := lS.q6 satisfies 
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(12) dteq + Sq^lvVeq+\I}\9q = -[^^, y ■V]e + {S q^lV - v) -V 6 q + f q := TZq. 

Let V'g denote the flow of the velocity Sq-iv and set 

9q{t, x) = 9q{t, '4)q{t, x)) and 1lq{t, X) = TZq{t, x)) . 

Since ipq is an homeomophism, then 

(13) WTlgh^ < mg,v- V]9\\l^ + ||(5g_i^; - v) ■ VOqU^ + Wfqh^. 
It is not hard to check that the function 9q satisfies 

(14) dtOq + \D\eq = imOq o ^jg) - (|D|e,) o ^Pq + TZq := Tz]. 
From Proposition 13.11 we find that for g € Z 

(15) miOq O i^q) - i\D\eq) O ^^q^^ < ^ F ^ (i ) 2^ 1 1 0^ (t) 1 1 . 

where V{t) := ||Vf H^^i^oo. Putting together and (fTCj) yields 

Wmmi^ <\\Mt)\\L^ + \\{Sq^lV-v)-Veq\\L^+\\[Aq,vV]0\\L^ 

+ e^^WF^(t)2'?||0^(t)||^^. 
Applying the operator Aj to the equation (|14p and using Proposition 12.61 

(16) \\A,9q{t)\\L^ < e-''''\\A,e'q\\L^+ f e-<'-^^^'\\fq{T)\\Lo.dT 

Jo 

+ e^^(*V5(t)2« / e-^(*-")2'||0g(r)||Loodr 
Jo 

+ [\-<'--')''\\[Aq,vV]9{T)\\Lo.dT 

Jo 

(17) + [\-<'--^''\\{Sq-lV - V) . Veq{T)\\Lo.dT. 

Jo 

Integrating this estimate with respect to the time and using Young inequality 

W^AUlL^ < 2-^(1 -e—*2^)^||A,0O||^^ + 2-^-(i+^-^)||/,||^.^^ 
+ e^^(*V5(t)2(^-^')||^?,||L.-L- 

+ [ \\[Aq,vV]0{T)\\LoodT 

Jo 

(18) + [ \\{Sq^,V-v)-V9q{T)\\LoodT. 
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Since the flow ^ is an homeomorphism then one writes 

\j-q\>N \j-q\<N 

:= I + 11. 

To estimate the term I we make appeal to Lemma 12.41 
Therefore we get 

(19) I < C2-^e^^W2'?(^+^)||e,||i.i^. 
In order to bound the second term II we use (jlSp 

II < (l-e-*2^)^2'^«||0O||^o.+2^(Hi-^)2'?(^+^-i)||/,||^.^^ 
+ 2^e^^Wy^(i)2'^(^+^)||^,||i.i^ 

+ 2^2"^ [ \\[Ag,V ■V]e{T)\\Lo.dT 

Jo 

(20) + [ \\{Sg_^v-v)-VegiT)\\Lo.dT. 

Jo 

Denote ZJ^{t) := 2''('*+r)||6'g||ir^oo, then we obtain in view of ^ and ([20]) 

Z;(t) < C(l-e— *2^)^2''^||eO|Uoo+C2^(Hi-^)2^(^+^-i)||/,||^.^^ 
+ C{2^e^^WF5(t) + 2-^e^^W}z;(t) 

+ C2^2^^ f' \\[Ag,vV]e{T)\\L^dT 
Jo 

+ C2^2^^ / ||(Vi^'-^^)-Ve,(r)||Loodr. 
Jo 

It is easy to check the existence of two absolute constants and Cq such 
that 

V{t) <Co^ C2-^e^^W + C2^e^^Wyi(t) < j 
Thus we obtain under this condition 

Z'git) < (1-e— *2^)h'?^||0O||i^+2'?(^+^-i)||/,||^.^^ 

(21) + 2^^^ (||[Ag,T;-V]^(r)||ioc + ||(5,_it>-i;)- V0g||Loc)dr. 
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Summing over q and using Lemma [2T3l leads for V{t) < Co, 



1 



< P^B^ + ||/|L_.+ i_i + f \Nv{T)\\L^\\e{T)\\^. dr 







(22) < \\9^B^ +ll/IU_..+i-i+Co||^||ic»^. . 

^00,1 T ^ fl ^ t -^00,1 

^t-°oo,l 

Let us show how to conclude the proof in the case of r = 00. If Co is 
sufficiently small then we obtain from (|22|) the desired estimate: 

(23) Mi^Bs < WO'^Wbs + llfIL 



-°oo,l -°oo,l r 



M 



Now for an arbitrary positive time T we take a partition (Tj)*i^Q of [0, T], such 
that / ||Vi;(r)||ioodr Co- We can proceed analogously to the above 
calculus and obtain 

00,1 oc,l -^K.T.+ il-^cx),! 

An iteration argument leads to 

\\e\\i^ <c*+'(||^°IIb^ +II/L_ 

The triangle inequality and the fact that CoM ~ 1 + V{t) give 
(24) \\e\\~^ < Ce^/o^ liV^WII- ^ + 11/11^, ..i-. 



Let us now turn to the case of finite r. Combining (j22|) and (j23j) we obtain 
under the assumption y(f) < Co 

(25) ii^iIz..-^^ii^°iIb^. + ii/iIz..-*- 

This gives the result for a short time and as for the case r = 00 we obtain 
the required global estimate. 

Concerning the last estimate of Theorem ll.2|, we use in the commutator 
term of (f2T]) the last part of Lemma 12.31 □ 

5. Proof of Theorem 11.11 

The proof is divided into two parts: in the first one we construct local unique 
solution and we give a criteria of global existence. However we discuss in 
the second part the global existence by reproducing the same idea of [16] . 

5.1. Local existence. We aim to prove the following result. 

Proposition 5.1. Given any 9^ G i , there isT > such that the (QG) i 

' 2 

equation has a unique solution 9 with 

e G L'^B^^ i n l\bI^ ]^. 

Moreover for all /3 G M+, we have t'^9 E L^B^ i- 
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Proof. The existence is based on Theorem 11.21 and an iterative method. We 
denote 9Q{t,x) := e~^^^^9^{x), vq := {—R2O0, RiOo) and 9n+i the solution of 
the hnear system 

dt9n+i + Vn ■ V9n+i + |D|6'„+i = 0, 

< Vn = { — R29n, RlGn), 

Since Oq £ L^(M+; ^) and from the continuity of Riesz transforms in the 

homogeneous Besov spaces we find vq G L^(M+; -B^i). Thus by iteration 
and thanks to Theorem 11.21 one deduces that Vn G N, 

Step 1: uniform hounds. 

Now we intend to obtain uniform bounds, with respect to the parameter n, 

for some T > independent of n. 

By (j2ip . we have for all T > such that 

(26) C \\On{T)\\B^ dT < Cii:= CCo) 

' oo,l 







the following estimate 

fT 

+ V / \\[Ag,Vn-V]en+l{T)\\L^dT 
rT 

+ USg-lVn- Vn) ■S/Aq0n+i{T)\\Lo^dT. 

Since divu„ = 0, then Lemma 12.31 combined with the continuity of Riesz 
transforms gives 



r \\[A„Vn-V]en+lir)\\L^dT< 



\Vn W- 1 "n + l ~ 1 



^ ll^nlU, . i ll^n+l|U„ . 1 • 

^T^-'^oo.oo T oo 1 



We deduce from Holder and Young inequalities 

j WiSgVn-Vn) ■ VAg9n+l\\L^dT < 2*^ || Agg^+i || ^2^oc || 5*^ 



qVn Vn\\l,2 i^ao 



< 5^2^''||A,0„+i||^2^o. ^2i('?-'=)2^'=||Afcz;„|L2i. 

geZ k>q 

< ll^n+lIU^ ■ i ll^nlUj ■ 2 ■ 
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Therefore we obtain from the above inequahties 



7n + 1 I 1 



t 00,1 ' ~^ 

+ \\On+l\L 



1 (7n _ 1 

t 00.1 t 00,1 



Thus there exists an absolute constant eq > such that, if 

(27) ^(l-e-^2.)i||^^^0||^^<^^^ 

then 

(28) ||^n+i|L„ .1 + ll^n+ill^,! Bi , < 2eo. 

L^B^-, T ao,l 

The existence of T > is due to Lebesgue theorem. 
Hence, by using the estimate 

\\Vvir)\\L^dr < rmr)\\^, dr 



^0 
and Theorem II .21 we obtain 

-"00,1 -°oo,l 

Thus we prove that the sequence {vn,0n)n&N is uniformly bounded in the 
'00, 1- 



space L^B^ ^ D L\,BI 



Step 2: strong convergence. 

We will prove that the sequence {vn, On) is of Cauchy in L^B^ ^. 
Let (n,m) e N^, 6n,m =■ dn+i - Om+i and Vn,m ■= Vn - Vm, then 

On,m\t=Q = 0. 

Applying Theorem 11.21 to this equation gives 

^II^Tl 11^1 ^1 

(29) ||6'„,m||7ooRO <Ce * / ||vn,m • V6'm+i(r)|Uo dr. 

-^00,1 Jq ^00,1 

Thanks to Bony's decomposition [Ij, the embedding B^ ^ ^ L°° and the 
fact that divf„^m = 

(30) II ■ V^m+lll DO < II '^rijm II ^0 II ^m+1 1| 

00 , 1 00 , 1 00, 1 

Since Riesz transforms map continuously B'^ ^ into itself, then we get 

(31) II ^n— l,m— 1 11^0 ll^m+1 ||^i 

00 , 1 00 , 1 00,1 

Thus we infer 

c 1 1 W ^1 

ll^n.mllroorjO < C\\9n~l,m-l\\joop,o e t 00,1 / || 6*™+! (t) || dr. 
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According to the inequality (128]) one can choose Eq small such that 

^n,m 7°° rO — ^ ^n— l,m— 1 7°= rO 

with 77 < 1. Let us suppose that n > m, then by induction one finds 

llfl II ~ < r,1^\\0^\\ 

IFn,m|liop^o IP 11^0 . 

T oc,l 00,1 

Thus {9n)neN is a Cauchy sequence in L^B^^. Then there exists 
(9 G Lf^^J^ 1 such that On converges strongly to 9 in L^B^ ^. Moreover Fa- 
tou lemma and inequality (j28p imply that 6 G LjB^ ^. These informations 
allow us to pass to the limit into the equation. 

Step 3: Uniqueness. 

Let us denote Xt := L^B^ ^nL^pBl^ ^ and 9i,i = 1,2 { vi the corresponding 

velocity) be two solutions of the (QG)i equation with the same initial data 

2 

and belonging to the space Xt- We set 9i^2 = 9i — 82 and vi^2 = vi — V2, 
then it is plain that 

dtei,2 + ■ V^i,2 + |D|^i,2 = -vi^2 ■ ^9\ 0i,2|i=o = 0- 
Thanks to the inequalities ()29p and ()3ip . we have 

cyeiii^i^i /■* 

\\9i,2\\ToofjO <Ce ' / ||6li 2II700BO ||^2(t)||oi dr. 
Thus Gronwall's inequality gives the desired result. 
Step 4- smoothing effect. 

We will show the precise estimate: for all f3 E we have 
(32) \\t^9{t)\\~^^^, <Cpe''^^^'^^^'^^'T-L,.p\\ 

-°oo,l -"00,1 

It is clear that 

dt{ti^e) + V ■ v{ti^e) + \D\{t'^9) = ptf^-^9 

We will proceed by induction and start the proof with the case /? G N. 
For /? = 1, we apply Theorem 11.21 with f = +00, 

Assume (j32p holds for degree n; we will prove it for n + 1. 
Applying Theorem 11.21 to the equation of t^^^9 we get 

||t"+'^(t)||j^^n+i < C(n+l)e^"'"^^^-.i||t"0||j^^^^ 



C(n+2)||e||. 



r 00 bo 
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For /3 E M+, we have [(3] < (3 < [f3] + 1 and by interpolation, one has 







l+[/3]-/3 






< 













This completes the proof. □ 

5.2. Blowup Criteria. The main result of this paragraph is: 

Proposition 5.2. Let T* be the maximum local existence time of 9 in 
L^B^^ n L}pB^-^^. There exists an absolute constant Eq > such that 
ifT* < oo, then 

liminf(r* -t)\\Ve{t)\\L-- >eo. 

Proof. Prom local existence theory and especially ()27p we see that if T* < oo, 
then necessary 



otherwise we can continue the solution over T*. It follows that 
liminf y (1 - e-^(^*-*)2')l sup \\eg{t)\\L^ > eo, 

Consequently we obtain from Lebesgue theorem 

Using Bernstein inequality and the fact that ||0g||ioo < ||0'^||ioo, we have 
£0 < liminfj y (1 - e-^(^*-*)2')l||0^(t)||^^ 



q<N 

+ Y.{^-e-<^-'^--)He,{t)\\L-} 

q>N 

< liminf {(T* - tf^p^L^ ^ 2'^/^ + \\Ve{t)\\L^ J] 2-^} 

^ q<N q>N 

< liminf {(T* - t)||0°||Loo2^ + ||V0(t)||Lo.2-^}. 
Choosing judiciously N we obtain the desired result. □ 

5.3. Global existence. We will use the idea of |l6j. Let T* be the 
maximal time existence of the solution in the space L^^{[0,T*[, i) n 
Aocd^' ^*[' -^oo i)- From the local existence, there exists Tq > such that 
yt£[0,To],t\\V9{t)\\Loo <C||0°||^o . 

oo,l 

Let A be a real positive number that will be fixed later and Ti g]0,To[. We 
define the set 

/:= [t e [T,,T*[;yt e [Ti,T],yx ^ y eRMe{t,x)-e{t,y)\ < uJx{\x-y\)Y 
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where 

: M+ — > M+, 

is strictly increasing, concave, uj(0) = 0, uj'(0) < +00, lim ll>"(0 = —00 
and 

^a(N - y\) = ^{Mx - y\). 
The function u; is a modulus of continuity chosen as in [16] . We shall first 
check that I is nonempty. It suffices for this purpose to prove that Ti belongs 
to / under suitable conditions over A. Let Co be a large positive number such 
that 

(33) cj(C7o) > 2||0°||loo. 

Since u is strictly non-decreasing function then we get from maximum prin- 
ciple 

yx,y;X\x-y\>Co^\d{Ti,x)-d{Ti,y)\<2\\9'>\\L^<ux{\x-y\). 
On the other hand we have from Mean Value Theorem 

\9{T,,x)-e{Ti,y)\ < |x-y|||V^(ri)||Loo. 
Let < 5o < Co- Then using the concavity of to one obtains 

A|x -y\<do^ ujxi\x - y\) > ^^A|x - y\. 



If we choose A so that 



uj{do) 



then we get 

0<X\x-y\<do^\e{T^,x)-e{T^,y)\ <u;x{\x-y\). 

Let us now move to the case 60 < X\x — y\ < Cq. By an obvious computation 
we find 

|^(ri,x)-^(ri,y)| < ^||V^(Ti)||ioo and 
w(<)'o) < w(A|x-y|). 

Choosing A such that 

A>^||V0(Ti)||i^. 

Then we obtain 

So < X\x - y\ < Co ^ \e{Ti,x) - e{Ti,y)\ < u;x{\x - y\). 
All the preceding conditions over A can be obtained if we take 



From the construction, the set / is an interval of the form [Ti,T^,). We 
have three possibilities. The first one is = T* and in this case we have 
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necessary T* = +00 because the Lipshitz norm of 9 does not blow up. The 
second one is S / and we will show that is not possible. Indeed, let Co 
as (IMl) then for ah t e [Ti,T*) 

X\x-y\>Co^\e{t,x)-9{t,y)\ < u;x{\x - y\) 

Since Ve{t) belongs to C(]0, T*); S^^i), then for e > there exist r]o,R>0 
such that 

Vt G [n,n+i]o] \\Ve{t)\\L^ < ||V^(T,)||loc +e/2 and 
l|V0(r,)||i^(Bc^^^^) <e/2, 

where -B(o^r) is the ball of radius R and with center the origin. 

Hence for A|x — y\ < Cq and x or y G B'^ have for t G [T^, + 770] 

(0,/?+—^) 

\e{t,x)-0{t,y)\ < |x-y|||V0(i)||ioo(Bc^^^p 
< e\x — y\. 

On the other hand we have from the concavity of uj 

A|x - y| < Co ^ '^^Mx -y\< u;xi\x - y\) 

Thus if we take e sufficiently small such that 

-(Co) 

then we find that 

X\x-y\ <Co;xoTye B'^o,R+^) ^ \0it,x) - e{t,y)\ < uJx{\x-y\). 

It remains to study the case where x,y G -S(oi{+£o)- Since ||V^0(T*)||Loois 
finite (see Proposition 15. ip then we get for each x G 

\ve{n,x)\ < Xuj'io). 

For the proof see [25], page 4. From the continuity of x i — > |V^(T*,x)| we 
obtain 

(O.R+^)' 

Let 6q « 1 then using the continuity in time of the quantity ||V^(t)||L=o 
one can find ryi > such that Vt G [T^,, + rji] 

\\ve{t)Uo.^B ca)<^^- 

^ (o,R+^^)' do 
For A|x — y\ < 5o and x ^ y belonging together to B^^ r+£si) have 

\9{t,x)-eit,y)\ < \x-y\\\V9{t)\\Lo.^B ) 
< Xlx-yl'^Ku^xilx-yl). 
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Now for the other case we have 

Vx,?/ E B^^^^_^c^y6o < X\x - y\; \0{T^,x) - 0{T^,y)\ < ujx{\x - y\), 

then we get from a standard compact argument the existence of 772 > such 
that for all t G [T*, T,. + 772] 

\/x,y G B^^ j^^^ydo < X\x - y\; \9{t,x) - 6{t,y)\ < ujx{\x - y\). 

Taking rj = mm{r]Q,rii,ri2}, we obtain that T^, +r] £ I which contradicts the 
fact that T^: is maximal. 

The last case that we have to treat is that T* does not belong to /. Thus we 
have by time continuity of 9 the existence oi x ^ y such that 

e{T,,x) - e{T,,y) = ujx{i)M^^ i = \x-y\. 

We will show that this scenario can not occur and more precisely: 

/'(T,)<0 where f{t) = 9{t,x) - 9{t,y). 

This is impossible since f{t) < /(T*),Vt G [0, T*]. The proof is the same as 
[16| and for the convenience of the reader we will outline the proof. From 

the regularity of the solution we see that the (QG) 1 equation can be defined 

2 

in the classical manner and 

fin) = {u-V9){n,x) -{u-V9){n,y) + \B\9{n,x)-\B\9(T,,y). 
From [1.6.J we have 

{u ■ V9){n,x) - [u ■ V9){n,y) < QxiO^'xiO, 

where 

Again from [16] 

|D|«(T.,.)-|D|«(T.,,) < i ^Mi±M±±4^M^^^AM<,, 

vr JL rj^ 



where 



Thus we get 



Jo r]'^ 
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Now, we choose the same function as ^16] (see page 5) 
and 

e(4 + log(C/<5))' 

where S and 7 are smah numbers and satisfy < 7 < 5. It is shown in [16 
that 

i^(ev(e)+x(e) <o,vc/o. 

This yields to /'(T,) < 0. 
FinaUy we have T* = +00 and 

vt G [ri,+oo), ||v^(OI|l- < A. 

The value of A is given by 



[1 
[2: 
[3; 
[4 

[s; 
[6; 
[t; 
[s; 

[9 

[lo; 

[11 
[12: 

[13; 

[14 

[15; 
[16; 
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